Abstract. A generalization of the concept of twisted internal coHom object in the category of conic quantum spaces (c.f. [2]) was outlined in [3] . The aim of this article is to develope in more detail this generalization.
Introduction
Given a couple A, B of conic quantum spaces, i.e. A, B ∈ CA (the monoidal category of finitely generated graded algebras [4] [5] [2] ), their symmetric twisted tensor products A • τ B [1] [2] can also be seen as (2nd admissible) counital 2-cocycle twisting of the quantum space A • B [3] . Then, in the same sense as in [2] , we can study, instead of the maps A → H • B (which define a comma category whose initial objects are the proper internal coHom objects of CA), certain subclasses of arrows A → (H • B) ω , where ω is a counital 2-cocycle defining a twist transformation on H • B. The aim of this paper is to show that, in certain circumstances, these classes give rise for each pair A, B ∈ CA to a category Ω The categories Υ · , obtained in [2] , are particular cases of the categories Ω · . In this way we generalize the idea of twisted coHom objects in the more general framework of twisting of quantum spaces. This setting enable us, in turn, to a better understanding of the results obtained in the mentioned paper.
This article is based on the contents of [2] and [3] and references therein, thus we shall frequently refer the reader to them. Notation and terminology also follow those papers.
The categories Ω

·
In order to built up the categories Ω A,B , let us first make a couple of observations. 1. Consider on the category GrVct (of graded vector spaces) the monoid
for V = n∈N0 V n and W = n∈N0 W n . The arrows V → W in GrVct are homogeneous linear maps; i.e. its restrictions to each V n define maps V n → W n . It is clear that the forgetful functor H : CA ֒→ GrVct turns into a monoidal one, and H (A ψ ) = H (A) = A = n∈N0 A n holds for every twist transformation ψ ∈ Z 2 [A 1 ]. 2. Let us construct the comma categories (H (A) ↓ H (CA • B)), where the functor H (CA • B) is the composition of CA • B and H. Its objects are pairs ϕ, H where H ∈ CA and ϕ is an arrow in GrVct, 
where H ϕ is the subalgebra of H generated by H ϕ 1 (an analogous functor is used in [2] to built up the categories Υ A,B ).
Using last functor we shall construct each Ω A,B as a full subcategory of the corresponding comma category (H (A) ↓ H (CA • B)). Given a couple of conic quantum spaces A and B, consider a counital element
be commutative, defining in this way a counital 2-cochain in 
Given now a collection of cochains {ω
for a brief review) is a category Ω · with an associated collection given by identity maps.
Calling HCA • the disjoint union of (H (A) ↓ H (CA • B)), it follows that every Ω · is a full subcategory of HCA
• . On the other hand, let us observe that HCA • has a semigroupoid structure given by the functor
and CA
• ⊂ HCA • is a sub-semigroupoid. In fact, this map is a partial product functor with domain
and codomain HCA • , such that
Its associativity comes from that of •, and the unit elements are given by the diagrams ℓ A , K , where ℓ A is the homogeneous isomorphism A ⋍ k [e] ⊗ A, such that a → e n ⊗ a if a ∈ A n . Nevertheless, for a generic collection {ω A,B } A,B∈CA of cochains, Ω · fails to be a semigroupoid. Furthermore, in the generic case, each Ω A,B fails to have initial objects. To address this problem, we shall consider particular cases.
The semigroupoid structure of Ω ·
In what follows, all references to sections and theorems correspond to [3] . Recall the monics (c.f. §2.3.2)
To give an example, in the TTP case with τ A,B = id ⊗ σ ! B ⊗ σ A , the cochain ψ A would be given by the assignment
we shall also regard ω A,B as a cochain belonging to the latter set, depending on our convenience.
Theorem 1. If a category Ω
· is associated to a factorizable collection, then Ω · is a sub-semigroupoid of HCA • .
Proof. Consider the quantum spaces A, B and C, and diagrams ϕ, H ∈ Ω A,B and ψ, G ∈ Ω B,C , with associated linear spaces (via the functor F)
and G 
Here .
⊗ is denoting matrix contraction between h and g. It follows from straightforward calculations that, if ω A,C is well defined on F (I H • χ) ϕ, H • G • C, then (I H • χ) ϕ is a homogeneous linear map A → H ⊗ G ⊗ C defining the wanted morphism. So, let us first show that. To this end, extend ω A,C to
From the last expression, and recalling that ω A,B and ω B,C (given in (3.4) and (3.5)) are admissible, it follows that ω A,C is admissible for H ϕ •G ψ •C, and also for the subspace
Finally, we have to show the units ℓ A , K are objects of the corresponding categories Ω A . We know that ℓ A is a homogeneous linear map such that ℓ A (a) = e n ⊗ a, if a ∈ A n . In particular, we can write ℓ A (a i ) = eδ j i ⊗ a j . Then, the cochain ω A for ℓ A , K is given by The following result is immediate.
Proposition 1. Let us call
• Ω the partial product associated to above mentioned semigroupoid structure of Ω · . The embedding P Ω : Ω · ֒→ CA : ϕ, H → H preserves the respective (partial ) products and units, i.e.
The generalized coHom objects
For Ω A,B to have initial objects we need an additional condition on ω A,B .
Theorem 2.
If Ω · is associated to a factorizable collection given by {ψ A } A∈CA such that each iψ A = iψ is 2nd A-admissible, then each Ω A,B have initial object
In particular, hom
Before going to the proof, let us make some remarks. Since
2.1, §3.3.1 and §4.2.1, respectively). In addition, if I = n≥2 I n is the graded ideal related to A, we have from §3.2.2 that (provided iψ is admissible) (4.1)
Proof. (of theorem) We shall show B iψ ⊲ A iψ defines an object of Ω A,B and then that is initial. Let us note that, given ψ, ϕ ∈ Z 2 , with ψ = ∂θ and ϕ = ∂χ, it follows that
Also recall, if iψ is (2nd) A-admissible, then ψ is (2nd) A iψ -admissible (see Prop. 14 of §3.3.1). By Theor. 16 of §4.2.2, using the 2nd A-admissibility of iψ A = iψ, and the linear map δ 1 :
, and δ 1 can be extended to an algebra homomorphism
Analogous calculations that enable us to arrive at Eq. (3.4) of [3] , show that
(where we are using notation of previous theorem), or in coordinates, 
In this notation, the generators of I, J and J ⊥ can be written [
iψ,r ⊗ I iψ,r , which generates algebraically the ideal related to B iψ ⊲ A iψ . Then, the function z j i → h j i can be extended to an arrow B iψ ⊲ A iψ → F ϕ, H . But this is the unique arrow in Ω A,B that can be defined between these objects, that is to say, δ, B iψ ⊲ A iψ is an initial object of Ω A,B . Finally, since the cochains of C
• [k] are always (2nd) K-admissible, in particular the primitive ones P 1 [k], it follows that any twisting of K is isomorphic to K. Then, the last claim of the theorem follows immediately from the first one.
Note that the 2nd admissibility condition for each iψ A replaces the automorphism property of the related σ A of the TTP case. Such a condition is immediate in the TTP case, because the properties defining a twisting map imply the related 2-cocycles are anti-bicharacters (c.f. §2.2.2 and §4.1.2).
Now, a couple of immediate corollaries. 
